We introduce a nonoverlapping variant of the Schwarz waveform relaxation algorithm for wave propagation problems with variable coefficients in one spatial dimension. We derive transmission conditions which lead to convergence of the algorithm in a number of iterations equal to the number of subdomains, independently of the length of the time interval. These optimal transmission conditions are in general nonlocal, but we show that the nonlocality depends on the time interval under consideration, and we introduce time windows to obtain optimal performance of the algorithm with local transmission conditions in the case of piecewise constant wave speed. We show that convergence in two iterations can be achieved independently of the number of subdomains in that case. The algorithm thus scales optimally with the number of subdomains, provided the time windows are chosen appropriately. For continuously varying coefficients we prove convergence of the algorithm with local transmission conditions using energy estimates. We then introduce a finite volume discretization which permits computations on nonmatching grids, and we prove convergence of the fully discrete Schwarz waveform relaxation algorithm. We finally illustrate our analysis with numerical experiments.
x a 2 a I a i a i+1 a i+2 a i−1 a i−2 2. The optimal Schwarz waveform relaxation algorithm. We consider the second order wave equation with variable wave speed in one dimension, For 0 < c ≤ c(x) ≤ c < ∞ there exists a unique weak solution u of (2.1) on any bounded time interval t ∈ [0, T ]; see [26, 27] .
A general nonoverlapping Schwarz waveform relaxation algorithm.
We decompose the domain R into I nonoverlapping subdomains Ω i = (a i , a i+1 ), a j < a i , for j < i and a 1 = −∞, a I+1 = +∞ as given in Figure 2 .1. We introduce a general nonoverlapping Schwarz waveform relaxation algorithm
where B ± i are linear transmission operators which we will determine to get optimal performance of the algorithm. For ease of notation, we define here u k 0 := 0, u k I+1 := 0 (2.3) so that the index i in (2.2) ranges from i = 1, 2, . . . , I. Note that we call this algorithm a waveform relaxation algorithm because time dependent problems are solved on subdomains as in the waveform relaxation algorithm for large systems of ordinary differential equations [24] . The algorithm we consider here is a Jacobi-type or additive Schwarz algorithm, since all the subdomains are treated in parallel. A Gauss-Seidel or multiplicative Schwarz algorithm could be considered as well. But since the analysis would be similar, we focus in this paper on the additive version of the algorithm only.
Transmission conditions for optimal convergence.
For elliptic problems, the Dirichlet to Neumann map has been used in [32] to define optimal transmission conditions. For wave propagation, it is more convenient to introduce the linear operator S 1 (x 0 ) defined by where v(x, t) is the solution of L(v) = 0, in (−∞, x 0 ) × (0, T ), ∂v ∂t (x 0 , t) = g(t), t ∈ (0, T ), v(x, 0) = ∂v ∂t (x, 0) = 0, x∈ (−∞, x 0 ), (2.5) and the linear operator S 2 (x 0 ) is defined by (2.6) where v(x, t) is the solution of
in (x 0 , ∞) × (0, T ), ∂v ∂t (x 0 , t) = g(t), t ∈ (0, T ), v(x, 0) = ∂v ∂t (x, 0) = 0, x∈ (x 0 , ∞).
(2.7)
The operators S j defined in (2.5) and (2.7) are the key ingredients in obtaining an optimal Schwarz waveform relaxation algorithm. This algorithm is obtained by choosing the transmission operators B ± i in the algorithm (2.2) to be
This choice is not arbitrary. The absorption property of these transmission operators allows the algorithm to compute subdomain solutions which do not see the interfaces and hence are exact; for the steady convection diffusion case, see [34] .
Theorem 2.1 (convergence in I steps). The nonoverlapping Schwarz waveform relaxation algorithm (2.2) with transmission operators defined by (2.8) converges in I iterations, where I denotes the number of subdomains.
Proof. First note that convergence in less than I iterations, where I denotes the number of subdomains, is not possible over long time intervals, since the solution on each subdomain depends on the data on all the other subdomains and information is propagated only locally to neighboring subdomains. To show that the algorithm with the transmission operators (2.8) achieves convergence in I iterations and therefore is optimal, we rewrite the algorithm (2.2) in substructured form on the interfaces only. By linearity it suffices to consider the homogeneous case (the error equations) only (f = p = q = 0) and to prove convergence to zero. We denote the interface values, which subdomain Ω i obtains from its neighbors Ω i−1 and Ω i+1 , by
and put all these values g k − i (t) and g k + i (t) together into the vector-valued function g k := (g k + 1 , g k − 2 , g k + 2 , . . . , g k − I ). Note that there is only one element in g k for the leftmost and rightmost subdomain, since they both extend to infinity. One step of the Schwarz waveform relaxation algorithm (2.2) can now be seen as a linear map taking a vector-valued function g k as input and producing a new vector-valued function g k+1 as output. On each subdomain Ω i for interior subdomains, i = 2, . . . I − 1, there are two linear mappings, both taking as input arguments the values of the neighboring subdomains and one producing a new value on the left boundary
(a i , ·) Downloaded 12/30/12 to 138. 26.31.3 . Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php and the other one a new value on the right boundary
For the outermost subdomains there is only one linear map each, taking one input argument only,
Note that by the definition of the operators S j , both A + 1 and A − I map any argument to zero: for any function g(t) we have
This can be seen for A + 1 , for example, by
where we have used that by the definition of S 1 the function v is a solution of (2.5).
Similarly for interior subdomains, we have for any function g(t)
However, this implies by linearity that A + i (g, h) depends only on g and A − i (g, h) depends only on h, since
(2.11)
Using these linear mappings on each subdomain, a complete step of the nonoverlapping Schwarz waveform relaxation algorithm can be described by the linear map A : g k → g k+1 , where Ag k is defined by
or, written in matrix form,
Now proving that the nonoverlapping Schwarz waveform relaxation algorithm (2.2) converges in I iterations is equivalent to showing that the Schwarz iteration map Downloaded 12/30/12 to 138. 26.31.3 . Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php satisfies A I−1 = 0 since then after I − 1 iterations all the interface values are zero, and thus after one more iteration the solution will be converged to zero everywhere. We prove this by showing that A I−1 applied to an arbitrary vector-valued function e(t) = (e 1 (t), e 2 (t), . . . , e 2I−2 (t)) equals zero. The first application of A will delete the second and second to last entry in e. The second application therefore will delete the fourth and fourth to last entries in e because of the structure of A. This process continues until the I − 1 application of A deleted the 2I − 2, and the 2I − 2 to last entry, which is the first entry in e. Thus now A I−1 e is the zero vector, and in the next step the solution is zero everywhere.
Note that the proof uses only the fundamental property of the linear operators S j leading to the transparent transmission conditions and no special properties of the wave equation. The result is therefore valid for other partial differential equations as well where the appropriate operators S j can be defined.
Optimal convergence with local transmission conditions for piecewise constant wave speed.
We now consider the wave equation (2.1) with piecewise constant wave speed to investigate the optimal transmission operators further. This will lead to the interesting result of convergence in fewer iterations than the number of subdomains on certain bounded time intervals. We consider first the wave equation (2.1) with two physical domains
In this case we can compute the linear operators S j explicitly, and from them we gain more insight into the optimal Schwarz waveform relaxation algorithm. In subsection 3.3, we generalize the results to an arbitrary number of discontinuities.
Identification of the optimal nonlocal transmission conditions.
We define the ratio r by
Lemma 3.1. In the case of piecewise constant wave speed (3.1), the linear operators S j in (2.4), (2.6) are given by
3)
and
Proof. This result can be obtained by explicitly computing the solutions; for details, see [16] .
In this special case, one can see why the operators S j are nonlocal in general: they have to include reflections stemming from the discontinuity in the wave speed between the two different physical domains. Using Theorem 2.1, the nonoverlapping Schwarz waveform relaxation algorithm for the wave equation with a discontinuity in the wave speed converges in I steps, where I denotes the number of subdomains. However, an Downloaded 12/30/12 to 138. 26.31.3 . Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php implementation of these nonlocal transmission conditions is rather complicated, and we do not recommend this, especially if several discontinuities occur in the physical domain. However, the result indicates a better approach already, and we develop it in the next subsection.
Local transmission conditions using the time evolution.
The optimal transmission operators (2.8) depend on the time interval under consideration, since the linear operators S j in (3.3), (3.4) contain a sum with a number of terms proportional to the length of the time interval. In particular, for a given time interval [0, T ] we have at most max
terms in the sum to obtain optimal convergence. We thus obtain the following important corollary of Theorem 2.1. Corollary 3.2. In the case of piecewise constant wave speed (3.1), if the discontinuity at x = 0 lies within the subdomain Ω l , a l < 0 < a l+1 , then the nonoverlapping Schwarz waveform relaxation algorithm (2.2) with local transmission operators
then there are no terms left in the sum of the operators S j in (3.3), (3.4) , and thus the optimal transmission operators become the local operators (3.5). However, the maximum in condition (3.7) can only be attained for either j = l or j = l + 1 because the discontinuity lies in subdomain Ω l , and thus (3.7) is equivalent to the condition (3.6) .
This corollary suggests avoiding the costly nonlocal transmission conditions by cutting the given time domain [0, T ] into time windows of length T 1 given in (3.6) . Then the algorithm can employ local transmission conditions and will still converge in at most I iterations.
However, condition (3.6) can impose very small time windows if a l or a l+1 is very close to the discontinuity at x = 0. At first glance, this suggests that it is best to place the subdomains so that the discontinuities lie inside the subdomains, away from its boundaries. The optimal location for a l < 0 < a l+1 would be such that
to maximize the time interval (3.6) one can use with the algorithm and local transmission conditions. There is, however, a better choice: taking the limit of the operators Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php S j in (3.3,3.4) as x 0 goes to zero, we find (S 1 (0))g(t) = 1 c 1 g(t), (S 2 (0))g(t) = 1 c 2 g(t), (3.9) and thus the operators S j become local operators in that case. This suggests that aligning physical domains with computational ones is an advantage for the transmission conditions. Defining
to include the correct limits when the discontinuity lies exactly at an interface between two subdomains, we obtain the following corollary.
Corollary 3.3. In the case of piecewise constant wave speed (3.1), if the discontinuity lies on the interface between the two subdomains Ω l and Ω l+1 , a l+1 = 0, then the nonoverlapping Schwarz waveform relaxation algorithm (2.2) with local transmission operators
Proof. If we place the discontinuity directly between the two subdomains Ω l and Ω l+1 , then the optimal transmission conditions between Ω l and Ω l+1 are local, as seen in (3.9). Therefore, the largest time interval we can choose for local transmission conditions depends now only on the total width of Ω l and Ω l+1 , which leads to condition (3.11) .
Hence, with the discontinuity at x = 0 aligned with a subdomain boundary, say, at a l+1 = 0, one would choose the subdomain boundaries a l and a l+2 such that
to maximize the possible time interval in (3.11) , where the algorithm can be used with local transmission conditions. This choice leads to a longer time interval than the choice with the discontinuity within one subdomain (3.8) since a l < a l+1 < a l+2 .
Convergence in two iterations independent of the number of subdomains.
In more realistic situations, there will be more than one discontinuity in the computational domain, which seems to complicate the situation because for the global optimal transmission conditions of the type (3.3), (3.4), one would need to track more and more reflections from the various discontinuities in the wave speed. However, due to the finite speed of propagation in the wave equation, the previous analysis can be applied locally using time windows again. In addition, with time windows, not every subdomain solution depends on the solution on all the other subdomains if the time interval is short enough. Neighboring information suffices in that case, and it is thus possible to reduce the number of iterations below I for I subdomains.
Suppose we have J physical domains O j = (d j , d j+1 ) with constant wave speed per physical domain, c(x) = c j for d j < x < d j+1 , j = 1, . . . , J, d 1 = −∞, and Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php d J+1 = ∞. We decompose the physical domain R into I computational subdomains Ω i = (a i , a i+1 ) as before. We denote by n i the number of discontinuities within each subdomain Ω i , and we exclude for the moment the case where a discontinuity is aligned precisely between two computational subdomains. We also denote by m i the index of the first physical domain O mi which intersects the computational subdomain Ω i . We define the transmission time t i of a signal across subdomain Ω i by
We also define the reflection time at each interface a i of the computational subdomains by
These two time constants allow us to formulate conditions for convergence in less than I steps.
Theorem 3.4. The overlapping Schwarz waveform relaxation algorithm (2.2) with local transmission conditions (3.10) and any discontinuities strictly in the interior of the computational subdomains converges in two iterations independently of the number of subdomains if the time interval [0, T ] is chosen such that
where t i is defined in (3.13 ) and τ i is defined in (3.14) .
Proof. Consider one of the computational domains Ω i . The solution on that domain depends only on the solution of the neighboring domains Ω i+1 and Ω i−1 determined by their initial conditions, because the time interval [0, T ] given by (3.15) is too short for any signal to reach domain Ω i across the neighboring subdomains due to condition (3.15 ). So after one iteration, the exact boundary conditions for domain Ω i are available if the transmission conditions employed at the boundary of Ω i are exact absorbing boundary conditions. However, this is ensured by condition (3.15) as well because T is smaller than any reflection time τ i so that the local transmission conditions (3.10) are indeed exactly absorbing. Thus the second iteration produces the exact solution on subdomain Ω i . Since this argument holds for all computational subdomains, the result is established.
As in Corollary 3.2, this result can require very small time intervals, since the reflection times τ i can be very small when a discontinuity approaches a subdomain boundary. This can however be avoided as before by aligning physical discontinuities with the boundaries of the subdomains-a natural approach for domain decomposition. Doing this for all discontinuities, the minimal transmission time min i t i becomes necessarily smaller than the minimal reflection time min i τ i because the reflection time requires the signal to go across a subdomain twice. (There are no discontinuities within subdomains anymore.) In addition, the transmission times formula (3.13) simplifies greatly, becoming
.
We therefore obtain the following theorem. Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
Recalc(T 4 ) 
Proof. The argument is the same as in the previous theorem. Further computation can be saved by noting that only values above the characteristics in each subdomain need to be recomputed during the second iteration, as shown in Figure 3 .1. If the time window is chosen to be [0, T 4 ] from Theorem 3.5, then convergence will be achieved in two iterations, and in the second iteration only the variables in the region denoted by Recalc(T 4 ) need to be recalculated. If we choose however an even smaller time window T , then far fewer variables need to be recalculated in the second iteration, namely, the ones denoted by Recalc(T ). Thus, with our algorithm, the solution of the wave equation can be optimally parallelized: the parallel algorithm run on a sequential machine will run at a cost 1 + of the optimal sequential code, provided the cost is linear in the number of unknowns. The optimal choice of T depends on the latency time of the network linking the computational nodes. If the latency time is small, then a short T will lead to the best performance, since almost no values need to be recomputed. If the latency time is important, however, it is better to communicate larger amounts of data each time a communication needs to be done. This can be achieved by choosing a larger T and will lead to faster solution times even if more values need to be recomputed in the second iteration.
Convergence with local transmission conditions for continuous wave speed.
Discontinuous wave speeds allowed us to use local transmission conditions in the Schwarz waveform relaxation algorithm and still get optimal performance. If the wave speed is varying continuously, such a result cannot hold anymore, because reflections become relevant immediately. Nevertheless, the algorithm is well defined with local transmission conditions, and we prove that it converges using energy estimates. Energy estimates are useful tools for proving well-posedness of boundary or initial boundary value problems, in particular for variable coefficients. They have been used to analyze the convergence of Schwarz algorithms in the stationary case before; see, for example, [29] , [11] , or [33] . We extend these techniques here to time dependent problems. Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Let u be a solution of the wave equation in the interval [a, b] for t ≥ 0,
where c(x) is now any continuous function. We define the kinetic and potential energies by
and the total energy by the sum E := E K + E P . Multiplying (4.1) by ∂u ∂t and integrating on the interval [a, b] yield the following theorem.
Theorem 4.1 (continuous energy identity). The energy identity
holds for any positive time t.
Well-posedness of the continuous subdomain problems. Introducing the general progressive and regressive transport operators
where α is a positive real number, we can rewrite (4.3) for any positive α and β as
Suppose that the boundary conditions (4.4) are given by
Then we get a bound on the energy on any finite time interval. 
By standard techniques (see, for example, [26] ), the well-posedness is then established.
Convergence with local transmission conditions.
Consider now the domain decomposition algorithm (2.2) for continuously variable wave speed c(x). By linearity, it suffices to consider the homogeneous wave equation with homogeneous initial conditions and prove convergence to zero. The local transmission operators (3.10) can be expressed in terms of the transport operators (4.4), 
converges in the energy norm,
and by using the boundary conditions, we obtain
Summing these equations for 1 ≤ i ≤ I and shifting the indices of the two sums on the right-hand side, we find
Together with (4.11), we obtain the energy equality
(4.14) Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Now we have the same terms on the boundary, on the left for iteration step k + 1 and on the right for iteration step k. Defininĝ
we find the energy equality
and thus summing up over all iteration steps k = 0, . . . , K and denoting the sum of the energiesÊ k at each step by
Now integrating over (0, T ) and noting that E K (0) = 0, we find
and thus the total energy E K is uniformly bounded independently of the number of iterations K. Hence the energy at each iteration must go to zero, and the algorithm converges.
A finite volume discretization.
We discretize the wave equation (2.1) on each subdomain Ω i × (0, T ), i = 1, . . . , I, separately, using a finite volume discretization on rectangular grids. For simplicity we set f = 0. We allow nonmatching grids on different subdomains, with J i + 2 points in space numbered from 0 up to J i + 1 and ∆x i = (a i+1 − a i )/(J i + 1) and N i + 1 grid points in time with ∆t i = T/N i numbered from 0 up to N i . Note that we chose for the exposition here uniform spacing in time per subdomain, but the techniques developed are not limited to this special case. We denote the numerical approximation to u k i (a i + j∆x i , n∆t i ) on Ω i at iteration step k by U k i (j, n). To simplify the notation, we omit the index i on quantities depending on the subdomain and the index k referring to the iteration as long as we are discussing one subdomain only.
Discretization of the subdomain problem.

Interior points.
Denoting by D the volume around a grid point (x = a i + j∆x i , t = n∆t i ) in the interior of subdomain Ω i × (0, T ), as shown in Figure 5 .1 on the left, we obtain the finite volume scheme by integrating the equation over the Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php volume D and applying the divergence theorem,
Now we approximate the remaining derivatives by finite differences on the grid:
We introduce a discrete speed function C i (j) which approximates c(a i +j∆x i ) through the integral relation
and we will omit the subdomain index i as long as we are on one subdomain. We thus obtain from (5.1) the discrete scheme
which yields on using the identities ∆tD
for points in the interior of subdomains. Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 5.1.2. Boundary points. So far the finite volume scheme led to a similar discretization as a finite difference scheme. On the boundary, however, the finite volume scheme leads automatically to a consistent discretization of the transmission conditions, whereas a finite difference discretization would require a special treatment. In addition, the finite volume scheme leads naturally to the correct transmission operators when using nonmatching grids in different subdomains.
Suppose the point (x = a i , t = n∆t i ) is on the left boundary of subdomain Ω i × (0, T ), as shown in Figure 5 .1 on the right. Then we have only half a volume D to integrate over. Proceeding as before, we obtain
Again we can approximate ∂u ∂t and ∂u ∂x by the finite differences given in (5.2) except on the left side of the control volume where we cannot approximate ∂u ∂x (x, τ ) by a finite difference, since we are on the boundary and the point at x − ∆x is not available. We approximate only on the three other sides by finite differences and obtain
Note that this equation defines the spatial derivative along the boundary, once all the grid values are known. However, to compute the grid values, we need to use the transmission condition imposed on the left boundary which also defines the spatial derivative at the boundary, since it is of the form
where g − (t) is a given boundary condition. Solving for ∂u ∂x and integrating, we find
which gives us the missing expression for the spatial derivative in the discrete scheme (5.5). The newly introduced time derivative on the right can be approximated again by finite differences as in (5.2), on the upper part of the integral by D + t and on the lower part by D − t . Summing those contributions, we obtain a centered finite difference,
and we get on denoting by C − := c(x − ) for the integral of ∂u ∂x t+∆t/2 
we obtain the discretization
This result also defines the discrete transmission operator B − . Comparing this with (5.6), we find (where we add now the subdomain index i for completeness)
where we used the fact that C − = C i−1 (J i−1 + 1). Similarly, for a point (x, t) on the right boundary of a subdomain with imposed transmission condition 
and thus the definition of the discrete transmission operator for subdomain i
where we used that C + = C i+1 (0).
Points on the initial line.
Suppose (x = a i + j∆x i , 0) is a grid point on the interior of the initial line of subdomain Ω i × (0, T ). We have again half a volume D to integrate over, as shown in Figure 5 ∂u ∂t (ξ, 0). However, this derivative is given explicitly by the initial condition, and approximating it on one grid cell by
we obtain the scheme
Corner points.
For the corner points on the initial line, there is only a quarter of the original finite volume left to integrate over. For example, on the left corner we obtain according to Figure 5 
Here two of the remaining derivatives can be approximated by the finite differences (5.2), whereas ∂u ∂t (ξ, 0) is given by the initial condition and ∂u ∂x (0, τ) has to be obtained from the transmission condition by proceeding as before along the boundary. We obtain the discrete scheme
and thus the discrete transmission operator B − on the initial line on the left is obtained by dividing through by ∆t/2:
Similarly, for the corner point on the right, we get
and thus the discrete transmission operator B + on the initial line on the right is
U t,i (J i + 1).
(5.17) Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php For given discrete transmission conditions G − (n) and G + (n), n = 0, . . . , N, the above discrete scheme describes a numerical method to solve one subproblem on one subdomain.
Extraction of the transmission conditions from neighboring subdo-
mains. Now the boundary values g − i (t) and g + i (t) imposed through the transmission conditions on subdomain Ω i have to come from the neighboring subdomains Ω i−1 and Ω i+1 . We thus need to calculate from our discrete scheme above on the neighboring subdomains the integrals
where (x, t) is on the right of subdomain Ω i−1 and similarly
where (x, t) is on the left of the subdomain Ω i+1 . Let us take, for example, the subdomain to the right, Ω i+1 . To perform the integration (5.19) we note that the numerical approximation to ∂ui+1 ∂t in the finite volume scheme is piecewise constant and according to (5.2) given by
Similarly, the numerical approximation to ∂ui+1 ∂x is piecewise constant in the finite volume scheme. According to (5.5), it is given for
Inserting these two numerical approximations into (5.19) , we obtain on one grid cell of Ω i+1
and thus the definition of the discrete transmission operator B + i is
Similarly, we find on the left subdomain Ω i−1 the discrete transmission operator B − i to be (5.22) and we have
Projections for different grids.
If different grids are used on different subdomains, the extracted transmission condition G + i is a vector in R Ni+1+1 and G − i is a vector in R Ni−1+1 which both represent step functions on their corresponding grids, and what we need to impose on the boundary on Ω i are vectors G ± i in R Ni+1 . We thus need to introduce a projection operation to transfer the boundary values onto the grid of Ω i . Suppose we are given a vector v = (v 0 , . . . , v N ) ∈ R N +1 which represents the values of a step function on the corresponding intervals I n = (t n , t n+1 ), where t 0 = 0, t N +1 = T , and ∪ N n=0 I n = [0, T ], and the intervals do not overlap. Then we define the scalar product on R N +1 by
where |I n | denotes the length of the interval I n . We thus obtain the induced norm on R N +1 ||v|| 2 N +1 := (v, v) N +1 . We first define the operator F : R N +1 −→ L 2 (0, T ), which constructs a piecewise constant function on the intervals I n from the vector v,
Then we define the operator E : L 2 (0, T ) −→ R N +1 which projects a given function f (t) onto a vector v ∈ R N +1 corresponding to a piecewise constant function in the intervals I n :
Denoting by F i and E i the corresponding operators using the grid of Ω i , we define the operator P i,j :
A direct calculation shows that for any u in R Ni+1 we have
which is a natural consequence of the L 2 projection on piecewise constant functions. To perform the projection P i,j between arbitrary grids is a nontrivial task, since one needs to find the intersections of corresponding arbitrary grid cells. For one dimension however, there is a short, concise algorithm; see the appendix. Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 5.4. The discrete Schwarz waveform relaxation algorithm. We obtain the discrete Schwarz waveform relaxation algorithm on subdomains Ω i , i = 1, . . . , I, with nonmatching grids (5.25) where the operators P i±1,i are defined in (5.23), the discrete transmission operators B ± i for n ≥ 1 are given in (5.11), (5.14) , and the extraction operators B ± i are for n ≥ 1 given in (5.20) , (5.21) . For n = 0 the corresponding operators are given in (5.16), (5.17) , and (5.22) . For conforming grids with these transmission conditions, the solution obtained at convergence satisfies the finite volume discretization scheme without decomposition, as one can see by taking the difference of B ± i and B ± i . For example, for constant wave speed across the interface we obtain
which is the discretized wave operator (5.4) . For nonconforming grids, (5.25) defines the solution when converged. For a different definition of a solution on nonmatching grids, see [10] .
6. Normal mode analysis and convergence proof for piecewise constant wave speed and two subdomains. We consider two subdomains Ω i , i = 1, 2, with piecewise constant velocity c i per subdomain. We discretize the problem on each subdomain in space with spatial discretization parameter ∆x i , and we keep the time discretization uniform across the subdomains with discretization parameter ∆t. Then there is no projection in the transmission operators in (5.25) . We denote by γ i the Courant-Friedrichs-Lewy (CFL) number in the corresponding subdomain Ω i ,
For the stability of the Cauchy problem, we suppose that γ i < 1 [39] . By linearity it suffices to analyze algorithm (5.25) for homogeneous initial conditions and to prove convergence to zero. To avoid the special case of the interface conditions for n = 0 in the analysis, we set U (j, 0) = U (j, 1) = 0, which corresponds to initial conditions u(x, 0) = u t (x, 0) = 0.
Discrete Laplace transforms.
The discrete Laplace transform of a grid function v = {v n } n≥0 on a regular grid with time step ∆t is defined for η > 0 by [ 
and we have Parseval's equality
with the initial condition U (j, 0) = U (j, 1) = 0. We denote byÛ (j, s) the discrete Laplace transform in time of U (j, n). Equation (6.5) becomes the difference equation
with z = e s∆t , h(z) = 1 2 (z + 1 z ) − 1, and γ = c∆t/∆x. The solutions of (6.6) are formed by powers of the roots of the second order equation
We need several technical lemmas about these roots. Lemma 6.1. For η = 0 and τ = 0, (6.7) has one double root r ± = 1. For η = 0 and | sin( τ ∆t 2 )| = γ, (6.7) has one double root r ± = −1. Proof. One can do the analysis on a case by case basis. Lemma 6.2. For |z| > 1 (i.e., η > 0), (6.7) has one root r − whose modulus is strictly less than 1 and one root r + whose modulus is strictly bigger than 1.
Proof. The discriminant of (6.7) is ∆ = h(z)(2γ 2 + h(z)), (6.8) and for it to vanish we have the sequence of necessary and sufficient conditions
In both cases |z| = 1, as a short computation in the second case shows, and |z| = 1 is excluded in this lemma and treated in Lemma 6.3. Hence for |z| > 1 there are two distinct roots whose product equals 1. Therefore, either they are a complex conjugate of modulus 1 or one is of modulus strictly bigger than 1 whereas the other is of modulus strictly less than 1. It thus remains to exclude the complex conjugate case. We findr If η = 0, we have |z| = 1, which is again excluded by the conditions of the lemma. If, on the other hand, τ ∆t = 0, we compute the real part of the root r and obtain
and if τ ∆t = ±π, we have
and in both cases |r| > 1, a contradiction which excludes this case as well and hence proves the lemma. Lemma 6.3. For |z| = 1 (i.e., η = 0) and | sin( τ ∆t 2 )| different from 0 and γ, (6.7) has two distinct roots r − and r + ,
Proof. For η = 0, one can compute the roots directly. The only difficulty is the determination of the signs in front of the square root. In the case | sin( τ ∆t 2 )| < γ, the roots are complex conjugate. We compute the roots r ± (z) for z = (1 + )z 0 with z 0 = e iθ and let tend to zero. The sign is then defined by continuity. For | sin( τ ∆t 2 )| > γ, there are two real roots, and the sign is determined by the fact that |r + | > 1 and |r − | < 1. Lemma 6.4. For z real positive, which corresponds to τ ∆t = 0, we have
and 0 < r − < 1, r + > 1.
For z real negative, which corresponds to τ ∆t = π, we have
Proof. For τ ∆t = 0, ±π, which means z real, one can do the analysis on a case by case basis.
In all cases except for Lemma 6.1, there are functions a + (s) and a − (s) such that for all j the solution of (6.6) is given bŷ
In the case of Lemma 6.1 there exist functions a(s) and b(s) such that for all ĵ U (j, s) = (a(s)j + b(s))r j ± . Downloaded 12/30/12 to 138. 26.31.3 . Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 6.2. The discrete homogeneous subdomain problem. We consider, for example, the problem posed in Ω 1 , with a nonhomogeneous boundary condition of type
where α is a given, strictly positive real number. Applying the discrete Laplace transform, we obtain with the results of the previous subsection that every solution bounded in space is of the formÛ (j, s) = a + (s)r j + . Applying the discrete Laplace transform to the boundary condition, we get ∆x
and introducing the notation
the boundary condition becomes E(z, γ, α)a + (s) = ∆xĝ(s). We call the problem well-posed in the sense of Gustafsson, Kreiss, and Sundstrom (GKS) if the preceding equation is invertible for all z with |z| ≥ 1. If z 0 is such that E(z 0 , γ, α) = 0, we call z 0 a generalized eigenvalue [39] . Proof. Using the relation r + + r − = 2 γ 2 (γ 2 + h(z)) satisfied by the roots of (6.7), we find
For z = 1 we obtain by Lemma 6.1 that E(1, γ, α) = 0. If γ = 1, we also get for z = −1 by Lemma 6.1 that E(−1, γ, α) = 0. We have to show now that there are no other generalized eigenvalues. For any generalized eigenvalue z, we must have E(z, γ, α) = 0, which means
Squaring both sides and using the relations of the roots r + and r − of the quadratic equation (6.7) to the coefficients of that equation, we obtain
Inserting the definitions of h(z) from (6.6) and k(z) from (6.11) and factoring, we obtain that in order to be a generalized eigenvalue, z has to satisfy the following equation:
(z − 1) 2 (γ 2 − α 2 )z 2 + 2(α 2 − 2α 2 γ 2 + γ 2 )z + γ 2 − α 2 = 0. (6.14) Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
The first factor contains the generalized eigenvalue z = 1 we have found earlier. For γ = 1 the second factor contains the generalized eigenvalue z = −1, and for α = 1 it contains again the generalized eigenvalue z = 1. It remains to show that for γ < 1 and α = 1 the solutions of the second factor are introduced by the squaring, and they are not solutions to the original equation (6.13) and therefore not generalized eigenvalues. To do this, we perform the change of variables
in the second factor of (6.14). Note that we exclude the case b = 0 ⇔ α = 1 because then the only solution is z = 1. We obtain after the change of variables for the second factor of (6.14)
Now if = +1, the only root with modulus greater than or equal to 1 is
Using Lemma 6.4, we see that the signs of (r + − r − )(z 1 ) and k(z 1 ) are equal, which contradicts (6.13), and thus z 1 is not a generalized eigenvalue; E(z 1 ) = 0. If = −1, there are two complex conjugate roots of modulus 1,
To apply Lemma 6.3 we need to check that | sin(τ ∆t/2)| is different from 0 and γ. To do so, note that the real part of both z 1 and z 2 is given by cos τ ∆t = a 2 −b 2 a 2 +b 2 , and thus we obtain for | sin(τ ∆t/2)| sin 2 τ ∆t 2 = 1 2 − 1 2 cos(τ ∆t) = b 2 a 2 + b 2 > 0. Now since = −1, we have b 2 < 1, and therefore
Hence the first case of Lemma 6.3 applies and we obtain
which again contradicts (6.13) because of the sign. The results for z 2 are the same with a sign change. The values z = 1 (and z = −1 if γ = 1) are the generalized eigenvalues in the sense of GKS. Following the analysis of Trefethen [40] , they correspond to stationary solutions which propagate at the same time toward the left and the right. We will see that this does not affect the convergence of the Schwarz method. Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Proof. By Theorem 6.5, for γ < 1, z = 1 is the only root of E(z, γ, α) such that |z| ≥ 1. Furthermore, a Taylor expansion shows that it is a simple root; for z close to 1 we have
With (6.16) and (6.18) we see that z = 1 is only an apparent pole for R, which concludes the proof.
Since R is analytic for |z| ≥ 1, which corresponds to η ≥ 0, R satisfies a maximum principle for η ≥ 0 and hence attains its maximum on the boundary η = 0. It therefore suffices to study the behavior of R for η = 0, and we do this by studying the factors ρ(z, γ, q) for η = 0. Setting ω := τ ∆t 2 , we consider ω varying between 0 and π 2 . (The same computations apply for negative ω.) For η = 0 we have the explicit formulas
To find a first necessary condition for convergence of the Schwarz method, we choose ω 1 such that sin ω 1 = γ 1 , ω 1 ∈ (0, π 2 ), and q = c 1 c 2 . We obtain for the convergence rate at η = 0
In the first case, R is a real number strictly between 0 and 1, and in the second case, if q < 1, |R| > 1. We therefore have the following theorem. Theorem 6.7. If the convergence rate R given in (6.18) of the discrete Schwarz waveform relaxation algorithm is bounded by 1 for all z of modulus larger than or equal to 1, then
We now study the variations of |ρ(z, γ, q)| for η = 0 as a function of ω. An example is shown in Figure 6 .1 for the case γ 1 < γ 2 and q = c 1 /c 2 < 1. The complete results are obtained by explicitly computing the derivatives and are summarized in Table 6 .1. They rely on
where h is given in (6.6), k in (6.11), and σ in (6.17). For ω ≤ arcsin(γ 2 ), we have 
|ρ(e 2iω, , γ 1 , q)| ≤ 1/q and |ρ(e 2iω , γ 2 , 1 q )| ≤ q. By (6.21), a final explicit computation shows that the modulus of R is an increasing function of ω for ω ≥ arcsin(γ 2 ) and
|R(e 2iω , γ 1 , γ 2 , q)| = |R(−1, γ 1 , γ 2 , q)| = 1. (6.22)
We therefore have the following theorem.
For purely propagating modes, η = 0, the convergence rate equals 1.
For η > 0, however, we have the following convergence result. Theorem 6.9. For (c 1 − c 2 )(γ 1 − γ 2 ) ≥ 0 and η > 0 fixed, there exists a constant K strictly positive such that, for η∆t sufficiently small but nonzero, the convergence rate satisfies
Proof. By (6.21) we can calculate the derivative of |ρ| with respect to η∆t and get For η∆t = 0, h is real, k is purely imaginary, and by Lemma 6.3 we have the explicit value of σ which is purely imaginary for sin(ω) < γ and real negative for sin(ω) > γ. We thus have
which together with (6.22) gives the desired result.
Convergence of the discrete Schwarz waveform relaxation algorithm.
We introduce the discrete norms in space and time
. (6.23) Theorem 6.10. Let U p i be the iterates of algorithm (5.25) . For (c 1 −c 2 )(γ 1 −γ 2 ) ≥ 0 there exists a positive constant K such that for η∆t sufficiently small but nonzero, we have
Proof. By (6.15) and (6.19), we haveÛ 2k i (j, s) = R kÛ 0 i (j, s) for any j, s and therefore
A similar argument holds for U 2k+1 i .
Energy estimates and convergence proof for continuous wave speed.
We consider here the case of I subdomains, with a continuous velocity, and nonuniform grids in space and time. We use the same approach as in the continuous case to prove convergence of the discrete domain decomposition algorithm. Such estimates have been used in [21] in the context of discrete absorbing boundary conditions for the wave equation and in [10] to prove stability for a nonuniform scheme.
Stability for the discrete subdomain problem.
Let U (j, n) for 0 ≤ j ≤ J + 1 and 0 ≤ n ≤ N solve the leap-frog scheme
Here n stands for the discrete time variable and j for the discrete space variable. We define a discrete energy. First, we denote by V = {V (j)} 0≤j≤J+1 a sequence in R J+2 , and we define for V, W ∈ R J+2 a bilinear form on R J+2 by Accordingly, for any positive n, V (n) stands for the sequence {V (j, n)} 0≤j≤J+1 . The discrete energy E n at time step n, global in space, is defined as the sum of a discrete kinetic energy E K,n and a discrete potential energy E P,n given by 1) ), E n = E K,n + E P,n .
3)
The quantity E K,n is clearly a discrete kinetic energy. It is less evident to identify E n as an energy. The following lemma gives a lower bound for E n under a CFL condition and hence shows that E n is indeed an energy. Lemma 7.1. For any n ≥ 1, we have
where C is defined by C = sup 1≤j≤J+1 C(j). Hence, under the CFL condition C ∆t ∆x < 1, (7.5) E n is bounded from below by an energy.
Proof. For any V, W ∈ R J+2 we have
Since a h is a positive bilinear form, the first term on the right-hand side is positive, which gives a first lower bound on E n ,
It remains to estimate the second term on the right-hand side. Using the well-known inequality (a + b) 2 ≤ 2(a 2 + b 2 ), (7.8) we obtain 
Suppose now the discrete boundary conditions are to be given for n ≥ 0 by (7.15) and the initial conditions are to be given by {U (j, 0)}, {U t (j)}. Summing (7.13) in time and adding (7.14) , we get
Using the discrete Cauchy-Schwarz inequality on the right-hand side, we get stability for the numerical scheme. Theorem 7.3 (stability). Suppose U (j, n) is a solution of (7.1), together with initial conditions and boundary conditions (7.15) , with α and β positive. For any positive time step n one has
Thus, under the CFL condition sup 1≤j≤J C(j) ∆t ∆x < 1 required in Lemma 7.1, the scheme is stable.
Convergence of the discrete Schwarz waveform relaxation algorithm.
Corresponding to the continuous analysis, we take the velocity to be continuous at the interfaces. To shorten the notation we denote by T − i the operator T − C(ai),C(ai) and the others accordingly. To analyze convergence of the discretized domain decomposition algorithm (5.25) , it suffices to consider homogeneous initial conditions in (5.25) and to prove convergence to zero. Theorem 7.4. Assume that the velocity is continuous on the interfaces a i . If the CFL condition (7.5) is satisfied by the discretization in each subdomain, then the nonoverlapping discrete Schwarz waveform relaxation algorithm (5.25) with homogeneous initial condition converges to zero on any time interval [0, T ] in the energy norm 
We define the boundary energies
and rewrite (7.17) and (7.18) as
Summing these equations in every subdomain for 1 ≤ n ≤ N i , we find
Using now the transmission conditions and the fact that the projection is a contraction in L 2 , we get
Note now that by definition we have as in the continuous case F k,± 1 = F k,± I+1 = 0. Thus, defining the total boundary energy at iteration k by
we have, by summing in i and shifting the indices, the inequality
Thus the same arguments as in the continuous case prove that 
where we truncate the spatial domain at 0 and L using absorbing boundary conditions so that the results obtained correspond to the analysis on an infinite domain. We discretize the wave equation and the optimal transmission conditions using the finite volume scheme presented in section 5.
Optimal global transmission conditions.
First we test the convergence result proved in Theorem 2.1 for a two subdomain problem with L = 2, T = 2, and a constant wave speed c(x) = 1. The domain is partitioned at x = 1, and the optimal transmission conditions at the continuous level are local. We use the initial conditions
and we start the iteration with the initial guess zero. Table 8 .1 shows for various mesh parameters the difference of the domain decomposition algorithm result after two iterations and the numerical solution on the whole domain and compares this value to the truncation error, the difference between the numerical solution on the whole domain, and the exact solution. One can see that the discretization of the optimal local transmission conditions leads to an algorithm which converges in two iterations to well below the accuracy of the numerical scheme. For the next model problem, we choose L = 6, T = 8, and a speed function c(x) with a discontinuity at x = 1,
We decompose the domain into three subdomains, Ω We use again a discretization of the optimal transmission conditions, which are nonlocal in this case. We start the Schwarz waveform relaxation with a zero initial guess. Table 8 .2 shows that the algorithm converges at the third iteration to the Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php discretization error level and illustrates Theorem 2.1, which states that we should find convergence in a number of iterations identical to the number of subdomains. More accuracy is achieved as the iteration progresses further. The nonlocal transmission conditions (2.8) require this value of T to include three terms of the sum of the operators S j in (3.3), (3.4) on the middle subdomain and one term on the right subdomain. We computed the solution on a uniform grid with ∆x = 1/20 and ∆t = 1/40 for this example. 8.2. Optimal local transmission conditions. Now we introduce time windows for the same example to be able to use optimal local transmission conditions. We cut the time domain into four equal pieces [0, 2], [2, 4] , [4, 6] , and [6, 8] such that the condition (3.15) according to Theorem 3.4 is satisfied. We solve the problem consecutively on the four time subdomains, and in each time window we expect the algorithm to converge in two iterations. We show the convergence results for the first time window only, [0, T = 2]. Table 8 .3 shows the error in the infinity norm over five iterations for the same mesh parameters as before. The algorithm converges now already at the second iteration as predicted by Theorem 3.4 to the discretization error level, and more accuracy is achieved as the iteration progresses. 
Nonconforming grids.
As an illustration of Theorem 3.5 on nonconforming grids, we consider a problem with a layered medium of six layers, and we decompose the domain into six subdomains corresponding to the different layers, Ω i = [i − 1, i] with corresponding wave speeds c i ∈ {1, 2/3, 1/2, 3/4, 1, 4/5}. We discretize each subdomain with a grid in space using ∆x i = 1/50 and in time using an appropriate time step satisfying the CFL condition c i ∆ti ∆xi < 1 but close to 1, which is important for accuracy in the propagation properties of the solution, so different time steps are essential in different subdomains. This leads to nonconforming grids between subdomains. Since we have no algorithm that computes the entire solution over nonconforming grids to compare with, we choose to compute the zero solution to the homogeneous problem with zero initial conditions. We start with a nonzero initial guess on the artificial interfaces, g ± (t) = 1. According to Theorem 3.5 the algorithm will converge in two iterations if T ≤ 1. Table 8 .4 shows that this is also observed numerically. After two iterations the Schwarz waveform relaxation has converged to the precision of the numerical scheme. Figure 8.1 shows a solution computed on nonmatching grids with the optimal Schwarz waveform relaxation algorithm.
Variable wave speed and local transmission conditions
. Now we consider a variable propagation speed c(x) for which convergence of the Schwarz waveform relaxation algorithm with local transmission conditions was proved in Theorem 4.3 Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 8 . 4 Convergence with local transmission conditions in 2 iterations to the level of the truncation error for a problem with five discontinuities and six subdomains aligned with the discontinuities. using energy estimates. The speed profile, which is a typical underwater profile, was obtained from [23] , and it is given as a function of depth by We decompose the domain into two subdomains Ω 1 = [0, 300], and Ω 2 = [300, 600], and we apply the domain decomposition algorithm with the local transmission conditions (3.10), which would be exact if the sound speed was identically constant over both subdomains and equal to the sound speed at the artificial interface at x = 300. Table 8 .5 shows the convergence of the algorithm for the variable sound speed for a time interval [0, 1/2]. The algorithm converges again to the accuracy of the scheme in two iterations, even though the sound speed is variable in this example. This is because the variation is small in scale, and thus the local approximations to the transmission conditions are sufficiently accurate to lead to the convergence in two steps. Note also that continuing the iteration, the error is further reduced. Downloaded 12/30/12 to 138.26.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 8 .5 Convergence behavior of the algorithm for the variable sound speed profile from an application. Iteration 0 1 2 3 ||u − u k ||∞ 5.0316e+00 5.0316e+00 9.9024e-03 6.2439e-04 9. Conclusions. We have presented and analyzed a nonoverlapping Schwarz waveform relaxation algorithm for the one dimensional wave equation with variable coefficients, both at the continuous and the discrete level. The algorithm permits the use of grid CFL conditions adapted to the local wave speeds and nonmatching grids on different subdomains, and it has optimal scalability when implemented on a parallel computer. The formulation of the algorithm is quite general; it can be applied to the wave equation in higher dimensions and even to other types of evolution equations. The convergence result with the optimal transmission conditions also holds in these more general situations; specific results for the wave equation in higher dimensions will be presented elsewhere. The convergence analysis for the discretized algorithm with approximate transmission conditions, however, is specific to the one dimensional wave equation with variable coefficients. Although the ideas can be generalized to higher dimensions, the discrete energy estimates present a real challenge. The advantage of the continuous analysis is, however, that convergence results similar to the continuous ones can be expected to hold when the algorithm is consistently discretized.
Given a vector ta = [0, t a (1), . . . , T ] of arbitrary grid points in time and a piecewise constant function on the intervals between the grid points ta whose values are given in the vector a, the algorithm computes the integrals of a on the intervals between the grid points of a second grid given in the vector tb = [0, t b (1), . . . , T ]. The algorithm does a single pass without any special cases using the fact that the grid points are sorted in time. It advances automatically on whatever side the next cell boundary is coming and handles any possible cases of nonmatching grids at a one dimensional interface.
